A graph is called biclaw-free if it has no biclaw as an induced subgraph. In this note, we prove that if G is a connected bipartite biclaw-free graph with δ(G) ≥ 5, then G is collapsible, and of course supereulerian. This bound is best possible.
Introduction
Graphs in this paper are finite and simple. Undefined terms and notations are from [2] . For a graph G, let O(G) denote the set of odd degree vertices of G. A graph G is eulerian if G is connected with O(G) = ∅, and is supereulerian if G has a spanning eulerian subgraph. Since a spanning eulerian subgraph H with maximum degree ∆(H) = 2 is a hamiltonian cycle, supereulerian graphs are viewed as a relaxed version of hamiltonian graphs. Boesch et. al. in [1] indicated that the problem of characterizing supereulerian graphs might be very difficult. In 1979, Pulleyblank [9] showed that determining if a graph is supereulerian is NP-complete.
Caltin [3] introduced the concept of collapsible graphs. A graph G is collapsible if for any subset R ⊆ V (G) with |R| ≡ 0 (mod 2), G has a spanning connected subgraph Γ R such that O(Γ R ) = R. For example, K 1 and cycles of length less than 4 are collapsible, but C 4 is not. Note that when R = ∅, a spanning connected subgraph Γ R of G is a spanning eulerian subgraph of G, and so collapsible graphs must be supereulerian. For more in the literature, please see the survey paper of Caltin [4] and its update [5] .
A claw is a graph isomorphic to the complete bipartite graph K 1,3 . A bilcaw is defined as the graph obtained from two vertex disjoint claws by adding an edge between the two vertices of degree 3 in each of the claws (see Figure 1 ). * Department of Mathematics, West Virginia University, Morgantown, WV 26506 † College of Sciences, China University of Mining And Technology, Jiangsu, Xuzhou 221008, P. R. China A graph is called biclaw-free if it doesn't have a biclaw as an induced subgraph. In 1992, Li conjectured that high minimum degree may assure a biclaw-free graph to be hamiltonian. A bipartite graph G with bipartition {A, B} is balanced if |A| = |B|. If a bipartite graph G is hamiltonian, then G must be balanced. For any integer c > 0, the complete bipartite graph K c,c+1 is clearly biclaw-free, has minimum degree c, but is not hamiltonian. Therefore, Conjecture 1.1 should be rephrased as that there exists a constant c such that every connected balanced bipartite biclaw-free graph G with δ(G) ≥ c is hamiltonian. While this conjecture is still open, we in this note will prove the following. The proof of this theorem will be given in the next section. We shall also show that the bound δ(G) ≥ 5 is best possible.
Proof of The Main Result
We shall prove the following stronger result, which implies Theorem 1.2.
Theorem 2.1 Every connected bipartite biclaw-free graph G with δ(G) ≥ 5 is collapsible.
We start with some lemmas. Proof: By contradiction. Suppose that there exist two adjacent vertices u and v, but there are only t ≤ δ − 4 internally-disjoint (u, v)−paths of length 3 (which are denote by P 1 , P 2 , · · · , P t , see Figure 2 ). 
, there must be three edges e 1 , e 2 , e 3 that are incident with u, and other three edges e 1 , e 2 , e 3 that are incident with v. By bipartiteness and the contradiction assumption, e i (i = 1, 2, 3) and e j (j = 1, 2, 3) cannot be joined by any edge except uv. But then G[uv, e 1 , e 2 , e 3 , e 1 , e 2 , e 3 ] will be an induced biclaw of G, contrary to the assumption that G is biclaw-free.
This lemma has a few corollaries. (Where κ (G) represents edge connectivity.)
Proof: For an arbitrary edge cut X of G, let u and v be two vertices that are adjacent in G but belong to different components in G − X. By Lemma 2.2, there are at least δ − 2 internally-disjoint (u, v)−paths (include the edge uv), so X should include at least δ − 2 edges. By the arbitrariness of X, κ (G) ≥ δ − 2. ince G(t) = K 2,2t+1 (H) can be contracted to K 2,2t+1 , which is not supereulerian, G(t) is not supereulerian, and so not collapsible also. On the other hand, it is straightforward to verify that G(t) is a connected bipartite biclaw-free graph with δ(G(t)) = 4. Therefore, the condition δ(G) ≥ 5 in Theorem 1.2 and in Theorem 2.1 cannot be improved.
Note that G(t) has a cut vertex. We have the following surmise: Conjecture 2.7 Every 2-connected bipartite biclaw-free graph G with δ(G) ≥ 4 is collapsible.
